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②
⑪ X = Est (nen) = (S + 1

,
S + z , 5 + z , S + y ... )

inf(x) = 5

Sup(X) = G

-
It inf(x) = 0

-
The set X consists of

they-values of

F this graph .

inf(x) = 0

sup(X) = 1



⑭ X = Ex/XeI with -1x]
The set X consists

of the y-values
of this graph with -kX

inf(x) does not exist

Sup(X) = 1·
2

- We see from the

picture that

= ((,
vz)#inf(x) =
- E

E sup(X) = E



⑪ X = ExeR(x= 1]

From the picture we

x = Ex -((x = 1]·
see that

=(o, 1]

inf(x) does not exist

sup(x) = 1

-



⑤ Let xEIR with >, 0.

Our assumption is that Xea for all 570 .

Let's show this implies that X = 0.

Suppose X > 0.

Then ,
OX-

Set 2 = E

By assumption
X = E.

But then both EX
and X-E

which is a
contradiation.

Hence X-O cannot be true .

x
= o.



⑪
Suppose a and b are both

supremums
of S.

Thus,
a

and b are both

upper
bounds for S .

for S

Since a is a supremum
bound the

and b is an upper supremum

leastfor S, by def of supremum, S is the

oper

we have that a -b .
bound

for S

Since b is a supremum
bound

and a is an upper

for S, by def of supremum

we have that be a.

Since a b and be a We

have that a = b.



⑳
We are given that b is an

upper bound for S and that bes .

Let's show that b = sup(s).

(i) We already have that b is an

upper
bound for S

(ii) Let's show that b is the least

Upper
bound for S

Letc
be another upper

bound for S .

Then ,
XEC

for all XeS .

Since bes this gives
beC.

Thus,
b is the least upper bound

for S.

By (i) and (ii)
,

b = sup(s) .
*



⑮
Suppose A and B are non-empty subsets of IP

bounded from above and below.

Further assume that HEB .

Let Sq = Sup(A) and Sp = sup(B).

Since Sp is an upper
bound for B

we know that be Sp for all be B.

This implies ,
because AEB,

that

a <Si for all a - A
.

Thus
, sp is an upper

bound for A

Since So is the least upper
bound

know
that Sa-SB.

for A we

Mint(A).

You try .

Also ,
if a <A

,
by def

.

We have

inf(A) =a [ Sup(A) .-
Hence,

inf(B) [inf (A) [sup(A) < Sup(B)
#



⑮
False ,

Set A = (- 2
,

- 1) U (2 , 3)

B = ( - 2
, 3)

A

!

/
Here inf(A) = -z = int(B) and

Sup(A) = 3 = sup(B)

but A + B

-



⑪) (We give two different proofs

-PROOF #1- USING DEF OF SUPREMUM

por We are given that Sa= Sup(A) and Se= sup(B)

exist. We are also given that AlB*P.

Since AlBEA and Sa = Sup(A) we know

that XISA for all XAlB

Since AlB E B and Sp = Sup(B) we know

that XSp for all X-) AlB.

Thus
, Sa and so are upper bounds for AlB.

Thus
,

AlB is bounded from above and

Sup(ARB) exists .

Let m = minESA , SB3 .

Then from above m is an upper bound

for AlB .

By the def of supremum
(least upper

bound

We know that sup(ARBI = M.

Thus
,

sup(ARB) <minEsup(A) ,
sup(B))

#



#OOF #2- USING THE INF/SUP THEOREM

Hef:

Let Sy = sup(A) .

Since AlBEA we know that XISA for all XAlB.

So
,

AlB is bounded from above by SA.

Thus ,
= Sup(AnB) exists .

Let's show that SSA.

!Suppose
that S>SA -

Then ,
E = S-SayO .

By the inflsup theorem

Since S = sup(ARB) ,
there exists REAMB

with Sal[S .

-

5- E

But then REA and Sadl which contradicts

the fact that Sa= sup(A).

Therefore ,
SISA -

Similarly one can
show

that SSB.

Thus
,

=min[Sa , SB3

-Svo/ARB) > minGsup(A) , Sup(BLY



#
Let A = ( 1

,
3]V[5, 7]

B = (- 1
, 4)

A

Ta
B

N

Then
,

AlB = (-1 , 3]

And sup(A) = 7

Sup(B) = 4

minEsup(Al ,
Sup(B)3 = 4

sup(ARB) = 3

Thus ,

SupCARB) #minEsup(Al ,

sup(Bl]



#(We give two different proofs

-PROOF #1- USING DEF OF SUPREMUM

oof: If SpESA ,
the

Let Sa= Sup(A) and SB = sup(B) .
Same Proof wouldEwork with A

We will assume that SafSe .

-

and is interchanged

Since Sn&Sp we have that

Sp = max[sup(A) ,
supCBI}

↑ ↑
SA S

We first show thatSp is an upper bound for AUB .

Let X AUB . =Sup(a)

Then XEA or XEB . S
If Xe A

,
then XISA-SB.

If xEB
,

then X-SB =sup(B)
-

Thus,
no matter the case we have XSB.

So, Sp is an upper bound for AUB.

We will show that sp
is the least

Upper bound for AUB.

SupposeC is another upper bound for AUB.

Then XIC for all XAVB.



Thus
,

XIC for all xEB.

So
,

c is an upper bound for B
.

Since Sp is the least upper
bound for B

we get that SBEC .

Thus
,

Si is the least upper
bound for AUB .

That is
, Sp = sup (AUB).

So
, Sup/AVBl = Mea, sup

#

-

#OOF #2- USING THE INF/SUP THEOREM

If Sp=SA ,
the

Hef:

ELet Sa= Sup(A) and SB = sup(B) .
Same Proof would

work with A

We will assume that Safse.

*

and is interchanged

Since Sn&Sp we have that

Sp = max[sup(A) ,
supCBI}

↑ ↑
Sa SB



We first show thatSp is an upper bound for AUB .

Let X AUB . =Sup(a)

Then XeA or XEB . S
If Xe A

,
then XISA-SB.

X SB =sup(B)
If XEB

,
then -

Thus,
no matter the case we have XSB.

So, Sp is an upper bound for AUB.

Now we show that Sa is the least upper

bound for AVB.

suppose thatc is another upper
bound

for AUB.

We need to show that SpEC .

#
suppose that SoThen E = Sp - C 70 .

By the inf/sue theorem,

Since Sp = sup(B), there exists lEB

with < l ! Sis
~

SB-E

Then REAVB and <1.

This contradicts the fact thatc is



an upper bound for AUB.

Thus
, Sp> C can't be true.

So
, SEC .

Thus
, sp is the least upper

bound

for AUB.

So
, Sp = Sup(AUB).

Thus , mp(a,
Supe = sup(AUB)

#

-



⑭
We break the proof into two cases.

casel : Suppose a = b.
-

-

Ther, a- b = 0.

So
,

(a - bl = - (a - b) = b - a

Also,
b-a70 .

So,
lb-al = b - a

Mus , larbl1b-alc
alb

case 2! Suppose
-

a- b > 0 .

Then,

So
,

(a- bl = a
- b

Also ,
b- a < 0.

So,
1b-al = -(b -a) = a - b

Thus ,
la-bl = lb-al .

both
cases (a-bl = 1b -

al

.



# We break the proof
(x) =S*

it x0

into four cases and use : if X < O

:Suppose as 0 and by

Then,
ab30 .

So
,

lab) = ab ,
lal = a

,
and 1b1 = b.

Thus ,

lab) = ab = (a) - /b)

2: Suppose as 0 and b < 0

Then,
abso

So
,

lab) = -ab ,
lat = a

,
and 1b1 = -b .

Thus ,

lab) = -ab = al- b) = (a) . 16)

3: Suppose ado and by

Then,
abo

So
,

lab) = -ab ,
lat = -a

,
and 1b1 = b.

This ,

lab) = -ab = (-alb = (a) - (b)

:Suppose a so and b>0

Then,
ab30 .

So
,

lab) = ab ,
lat = -a

,
and 1b1 = -b .

This ,

lab) = ab = (- all-b) = (a) - (b)

~all for cases we get labl = 1al . 1b1 .

#



#
Using part (b) we get that i

i| b |

Thus
,

in either case 11 thi

Hence , 1519)
- 15 = 191-=e

above



⑮
Suppose that a <xcb and a cysb .

We want to show that(x-y1 > b-a

We break the proof into two cases.

case 1 : Suppose X Y.

-

Then ,
X-y7, 0. 3i

So,
(x-y) = x- Y .

a < X < b.

We know [
Add -a to get 0 < X-a

< b- a

is given .

The equation any SoaSo
,

- a) -y .

Mus
Hence,

(x-y) = X- yab-a.

Case 2 : Suppose XTY.
-

Then ,
X-y < 0.

So
,

(x- y) = - (x - y) = y - X

We know a<y < b.



Add- a to get -a
The equation a < X is given.

So
,

- a) - X . SThus, -X.

Hence , ↓
y - x7y -

ab - a

So ,

(x-y) = y - xab - a .

In both cases (x-y/ < b-a .

#
-



Fe
Note that

(a) = ((a - b) + b) = (a-b) + (b)

-triangle
->so(a-b)(x) Cinequality

Also ,
S

-

(b) = ((b - a) + a) - (b-
al + (a)

So,

- (b - al = (a) - 1b)

part (a) of this problem ,
la-bl = lb-al.

From

- (a - bl = - (b - a) - (a) - (b)(** )

Thus,L
Hence,

from (A) and (H*) we get that

&(a) -(b) = (a - 3)

Here we use this

Thus, fact from class :&[If <30 ,
ther

Ix1C iff-cXC

-
1b11 = (a-

3)


